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We study a classical, noncommutative (NC), Friedmann-Robertson-Walker cosmological model.
The spatial sections may have positive, negative or zero constant curvatures. The matter content is
a generic perfect fluid. The initial noncommutativity between some canonical variables is rewritten,
such that, we end up with commutative variables and a NC parameter. Initially, we derive the
scale factor dynamic equations for the general situation, without specifying the perfect fluid or the
curvature of the spatial sections. Next, we consider two concrete situations: a radiation perfect fluid
and dust. We study all possible scale factor behaviors, for both cases. We compare them with the
corresponding commutative cases and one with the other. We obtain, some cases, where the NC
model predicts a scale factor expansion which may describe the present expansion of our Universe.
Those cases are not present in the corresponding commutative models. Finally, we compare our
model with another NC model, where the noncommutativity is between different canonical variables.
We show that, in general, it leads to a scale factor behavior that is different from our model.
PACS numbers: 04.20.Fy,04.40.Nr,11.10.Nx,98.80.Jk
I. INTRODUCTION
Almost twenty years ago it was possible to con-
clude from observational data that the Universe is going
through a phase of accelerated expansion [1]. After that,
many hypothesis appeared in the literature trying to ex-
plain this fascinating feature. The different explanations
are divided in two major groups: the ones using general
relativity (GR) as the correct theory to explain the grav-
itational phenomena and the others that do not use it.
Among the ones in the first group we may mention the
models that consider the Universe uniformly filled with a
phantom fluid (the dark energy), which would drive the
accelerated expansion of the Universe under an equation
of state p/ρ = α < −1/3, where α is a constant which de-
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fines the fluid, p is the fluid pressure and ρ its density [2].
In this context, the cosmological constant is an important
candidate to represent the dark energy, since it acts as
a fluid with p/ρ = −1 (ΛCDM model), which is consis-
tent with observational results [3]. However, the theoret-
ical value for the cosmological constant (estimated by the
physics of high energy particles) conflicts with observa-
tional data by 30 orders of magnitude in the energy scale
[4]. Despite of this, the role played by the cosmological
constant at the FRW cosmological model has been inves-
tigated at the quantum level [5] and interesting results
have been obtained. The positive cosmological constant
can take account of the initial inflationary period and
also of a late accelerated expansion phase, with an in-
between decelerated expansion phase. Also, the past and
future cosmological singularities are removed. Among
the explanations to the present accelerated expansion us-
ing theories other than GR we may mention the ones
which modify the 4-dimensional Einstein-Hilbert action
by adding higher order curvature invariants. In the sim-
plest examples in this class, the GR action is modified by
the addition of Ricci scalar (R) functions. They are the
so called f(R) theories [6]. For a review on different theo-
2retical explanations for the present accelerated expansion
see Ref. [7].
Noncommutative ideas were first introduced, a long
time ago, by Snyder [8, 9]. There, the noncommuta-
tivity was imposed between the spacetime coordinates
and his main motivation was to eliminate the diver-
gences in quantum field theory. Recently, the interest
in those ideas of noncommutativity between spacetime
coordinates were renewed due to some important results
obtained in superstring, membrane and M -theories [10–
14]. In the past few years, the role played by noncom-
mutativity in cosmological models has been extensively
investigated [15]. In this scenario it was possible to prove
that the past and future cosmological singularities are
removed due to noncommutativity [16] and that the NC
effects are relevant to the entire history of the Universe,
for intermediary times [17]. The main motivation in or-
der to consider noncommutativity in classical cosmology
models is the possibility that some residual noncommu-
tative contribution may have survived in later stages of
our Universe. Based on these ideas some researchers have
proposed some NC models in classical cosmology in order
to explain some intriguing results observed by WMAP.
Such as a running spectral index of the scalar fluctua-
tions and an anomalously low quadrupole of CMB angu-
lar power spectrum [18–22]. Another relevant application
of NC ideas in semi-classical and classical cosmology is
the attempt to explain the present accelerated expansion
of our Universe [23–25].
In the present work, we would like to contribute to the
investigation on the importance of noncommutativity as
a possible mechanism to explain the present expansion of
the Universe. In this way, we study the noncommutative
version of a classical cosmology model. The model has a
Friedmann-Robertson-Walker (FRW) geometry, the mat-
ter content is, initially, a generic perfect fluid and the
spatial sections may have negative, positive or zero con-
stant curvatures. We work in the Schutz’s variational
formalism [26, 27]. The noncommutativity is obtained
by imposing deformed Poisson brackets between certain
canonical variables. Initially, we derive the scale fac-
tor dynamic equations for the general situation, without
specifying the perfect fluid or the curvature of the spa-
tial sections. Next, we consider two concrete situations:
a radiation perfect fluid and dust. We study all possi-
ble scale factor behaviors, for both cases. We compare
them with the corresponding commutative cases and one
with the other. We obtain, some cases, where the NC
model predicts a scale factor expansion which may de-
scribe the present expansion of our Universe. Those cases
are not present in the corresponding commutative mod-
els. The noncommutativity that we are about to propose
is not the typical noncommutativity between usual spa-
tial coordinates. We are describing FRW models using
the Hamiltonian formalism, therefore their phase spaces
are given by the canonical variables and conjugated mo-
menta: {a, Pa, T, PT }. Then, the noncommutativity we
are about to propose will be between these phase space
variables. Since these variables are functions of the time
coordinate t, this procedure is a generalization of the
typical noncommutativity between usual spatial coordi-
nates. The noncommutativity between those types of
phase space variables have already been proposed in the
literature. At the quantum level in Refs. [16, 17, 24, 28]
and at the classical level in Refs. [23, 25]. Another mo-
tivation of the present work is investigating if different
ways of introducing noncommutativity, in the same cos-
mological model, modify the predictions of the resulting
NC models. In this way we present a detailed comparison
with another NC model [25].
In Section II, we introduce the noncommutative model
for a generic perfect fluid and derive the coupled system
of differential equations for the variables. In Section III,
we apply the general formalism for the case of a radi-
ation perfect fluid. We solve the system of differential
equations and obtain the scale factor as a function of the
time coordinate and few parameters, including the NC
parameter γ. We analyze all possible behavior of the so-
lutions, including a comparison with the solutions for the
corresponding commutative model, paying special atten-
tion for those representing expansion. In Section IV, we
repeat the investigation performed in the previous sec-
tion, this time for the case of a dust perfect fluid. We,
also, compare the scale factor behavior for the case of a
dust perfect fluid with the behavior for the case of a ra-
diation perfect fluid. In Section V, we present a detailed
comparison with another NC model [25], where the non-
commutativity is between different canonical variables.
We show that, in general, it leads to a scale factor behav-
ior that is different from our model. Finally, in Section
VI, we comment on the most important results of the
present paper.
II. THE NONCOMMUTATIVE MODEL FOR
ANY PERFECT FLUID
The FRW cosmological models are characterized by
the scale factor a(t) and have the following line element,
ds2 = −N2(t)dt2 + a2(t)
(
dr2
1− kr2
+ r2dΩ2
)
, (1)
where dΩ2 is the line element of the two-dimensional
sphere with unitary radius, N(t) is the lapse function
and k gives the type of constant curvature of the spatial
sections. It may assume the values k = −1, 1, 0 and we
are using the natural unit system, where c = G = 1. The
matter content of the model is represented by a perfect
fluid with four-velocity Uµ = N(t)δµ0 in the comoving
coordinate system used. The total energy-momentum
tensor is given by,
Tµν = (ρ+ p)UµUν + pgµν , (2)
where ρ and p are the energy density and pressure of the
fluid, respectively. Here, we assume that p = αρ, where
α is a constant which defines the perfect fluid.
3From the metric (1) and the energy momentum ten-
sor (2), one may write the total Hamiltonian of the
present model (NH), where H is the superhamiltonian
constraint. It is given by [27],
NH = −
P 2a
24
− 6ka2 + a1−3αPT , (3)
where Pa and PT are the momenta canonically conju-
gated to a and T , the latter being the canonical variable
associated to the fluid [27]. Here, we are working in the
conformal gauge, where N = a.
In order to introduce the noncommutativity in the
model, we start considering, initially, that the total
Hamiltonian of the model has the same functional form
as (3). But now it is written in terms of noncommutative
variables,
NncHnc = −
P 2anc
24
− 6ka2nc + a
1−3α
nc PTnc, (4)
Then, we propose that the noncommutative variables of
the model {anc, Panc, Tnc, PTnc} satisfy the following de-
formed Poisson brackets (PBs):
{anc, Tnc} = {Panc, PTnc} = 0, (5)
{anc, Panc} = {Tnc, PTnc} = 1, (6)
{anc, PTnc} = {Tnc, Panc} = γ, (7)
in which γ is the NC parameter. It is important to notice
that this is not the only possible deformed PBs one may
propose, for the present model.
As mentioned, above, in Ref. [25] the authors con-
sidered a very similar classical, noncommutative, FRW
model coupled to a perfect fluid, in the presence of a
cosmological constant. The only differences between our
NC model and the NC model in Ref. [25] are the choices
of deformed PBs and the presence of a cosmological con-
stant in their model. In Section V, we shall make a de-
tailed comparison between both models. In their choice
of deformed PBs, they made the two PBs in Eq. (5) dif-
ferent from zero, instead of the two PBs in Eq. (7). This
can be better seen in Eq. (48). Therefore, since one of our
motivations is investigating possible differences among
different deformed PBs choices the only possibility, that
does not include any of the PBs in Eq. (5), was to make
the two PBs in Eq. (7) different from zero. For simplicity
we make them equal to the same NC parameter.
We would like to describe those models in terms of
usual commutative variables, which satisfy the usual
PBs. Because it is simpler to deal with that kind of
variables. Following the literature of noncommutative
theories it is possible to achieve that by introducing a
set of coordinate transformations from the noncommuta-
tive variables to new commutative ones. Those type of
transformations were first introduced in Refs. [29] and
sometimes are called Bopp shift [30]. Due to our choice
of deformed PBs (7), the more general transformations,
to first order in γ, leading from the NC variables to new
commutative ones, are given by,
anc → ac +
γ
2
Tc,
Panc → Pac +
γ
2
PTc,
Tnc → Tc +
γ
2
ac, (8)
PTnc → PTc +
γ
2
Pac,
where the commutative variables have c labels. It is im-
portant to notice that if we introduce the noncommu-
tative variables Eq. (8), in the deformed PBs Eq. (5-7)
and use the usual PBs among the commutative variables,
they are satisfied to first order in γ. Another important
motivation to use those commutative variables, is that,
the metric for those models may be written in terms of
them as,
ds2 = −
(
ac(t) +
γ
2
Tc(t)
)2
dt2
+
(
ac(t) +
γ
2
Tc(t)
)2( dr2
1− kr2
+ r2dΩ2
)
. (9)
For γ = 0, this metric reduces to Eq. (1), in the gauge
N = a. Observing the metric Eq. (9), we notice that the
dynamics of world lines separations between two different
times is given by the NC scale factor,
anc(t) = ac(t) +
γ
2
Tc(t). (10)
Therefore, in our study of the dynamics of the models
described by the metric Eq. (9), we must compute the
NC scale factor given by Eq. (10). Since, all quantities
in that metric Eq. (9) are commutative, we can treat
those models using the usual general relativity methods.
In particular, if we write the conservation equation for
the fluid stress-energy tensor Eq. (2), for the metric Eq.
(9), we obtain the following relationship between the fluid
density and the NC scale factor,
ρ(t) = C¯
(
ac(t) +
γ
2
Tc(t)
)−3(α+1)
, (11)
where C¯ is a positive constant. In terms of the commu-
tative variables Eq. (8), we have two equivalent ways
to write the equations that describe the dynamics of the
models. In the first one, we write the Einstein’s equation
for the metric Eq. (9), use the expression for ρ(t) Eq.
(11) and the equation of state for the fluid. In the sec-
ond way, we introduce the transformations Eq. (8) in the
total Hamiltonian Eq. (4) and compute the Hamilton’s
equations for the commutative variables. Since both ways
are entirely equivalent, we shall use the second way.
We start rewriting the total Hamiltonian NncHnc Eq.
(4), in terms of the commutative variables Eq. (8),
NncHnc = −
1
24
(
Pac +
γ
2
PTc
)2
− 6k
(
ac +
γ
2
Tc
)2
+
(
ac +
γ
2
Tc
)1−3α (
PTc +
γ
2
Pac
)
, (12)
4The Hamilton’s equations of motion, obtained using
the total Hamiltonian Eq. (12) and the usual PBs among
the commutative variables, are,
a˙c = {ac, NncHnc} = −
1
12
(
Pac +
γ
2
PTc
)
+
γ
2
(
ac +
γ
2
Tc
)1−3α
, (13)
P˙ac = {Pac, NncHnc} = 12k
(
ac +
γ
2
Tc
)
− (1− 3α)
(
ac +
γ
2
Tc
)−3α (
PTc +
γ
2
Pac
)
, (14)
T˙c = {Tc, NncHnc} = −
γ
24
(
Pac +
γ
2
PTc
)
+
(
ac +
γ
2
Tc
)1−3α
, (15)
P˙Tc = {PTc, NncHnc} = 6γk
(
ac +
γ
2
Tc
)
− (1− 3α)
γ
2
(
ac +
γ
2
Tc
)−3α (
PTc +
γ
2
Pac
)
(16)
Now, we would like to find the NC scale factor behavior
(10). In the general situation, for generic α and k, the
best we can do is writing, from Eqs. (13)-(16), a sys-
tem of two coupled differential equations involving ac(t),
Tc(t) and their time derivatives. This is done in the fol-
lowing way. Combining Eqs. (14) and (16), we obtain
the following relationship between PTc and Pac,
PTc =
γ
2
Pac + C, (17)
where C is an integration constant. Physically, for the
commutative case (γ = 0), C represents the fluid energy,
which means that it is positive. Then, using Eqs. (13)
and (15), we find, to first order in γ, the following equa-
tion expressing Pac in terms of time derivatives of ac and
Tc,
Pac = −12a˙c + 6γT˙c −
γ
2
C. (18)
Finally, we introduce the values of P˙ac Eq. (14), T˙c Eq.
(15), P˙Tc Eq. (16), PTc Eq. (17) and Pac Eq. (18),
in the time derivative of Eq. (13) and in Eq. (15). It
gives, to first order in γ, the following system of coupled
differential equation for ac and Tc,
a¨c(t) = −k
(
ac(t) +
γ
2
Tc(t)
)
− (1− 3α)
(
γ
2
a˙c(t)−
C
12
)(
ac(t) +
γ
2
Tc(t)
)−3α
(19)
T˙c(t) =
γ
2
a˙c(t) +
(
ac(t) +
γ
2
Tc(t)
)1−3α
. (20)
All the information about the noncommutativity is en-
coded in the parameter γ. If we set it to zero we recover
the usual commutative model in the gauge N = a. In
particular, equation (19) decouples and we may solve it
to obtain the scale factor dynamics. In order to solve
those equations and compute anc Eq. (10), we shall have
to furnish initial conditions for ac(t), a˙c(t) and Tc(t). Un-
fortunately, we cannot find algebraic solutions for ac(t)
and Tc(t), from the system Eqs. (19)-(20), for generic
values of α and γ. On the other hand, we may solve
them for certain types of perfect fluids. Therefore, in
what follows, we shall investigate two important cases,
where we can find algebraic solutions for ac(t) and Tc(t),
the radiation perfect fluid and the dust perfect fluid.
III. THE NONCOMMUTATIVE MODEL FOR A
RADIATION PERFECT FLUID
Let us consider, initially, the case of a radiation per-
fect fluid. Therefore, we assume that p = ρ/3, which is
the equation of state for radiation. This choice may be
considered as a first approximation to treat the matter
content of the early Universe and it was made as a matter
of simplicity. It is clear that a more complete treatment
should describe the radiation, present in the primordial
Universe, in terms of the electromagnetic field.
If we introduce α = 1/3 in Eq. (20), we may integrate
the resulting equation, in the t variable, to obtain Tc as
the following function of ac.
Tc(t) =
γ
2
(ac(t)− a0) + t+ T0. (21)
Where a0 and T0 are, respectively, the initial values (t =
0) of ac(t) and Tc(t). If we introduce α = 1/3 and the
value of T (t) Eq. (21), in Eq. (19), we obtain, to first
order in γ, the following differential equation for ac(t),
a¨c(t) + kac(t) +
γ
2
k(t+ T0) = 0, (22)
If we set γ = 0, in Eq. (22), the commutative FRW
cosmological model is restored. In what follows, we will
solve Eq.(22), analytically, for k = 0,±1. Then, we will
compute the NC scale factor Eq. (10), with the aid of
ac(t) Eq. (22) and Tc(t) Eq. (21). Finally, we will explore
some features of those solutions, for several values of γ.
A. The case k = 0
For spacetimes with flat spatial sections, k = 0, Eq.
(22), reduces to the commutative case. If we solve this
equation, we obtain the following scale factor expression,
ac(t) = v0t+ a0, (23)
where v0 is the initial value (t = 0) of a˙c(t). This is
exactly the scale factor in the usual commutative model,
which we will write ac,γ=0(t). As mentioned, above, the
NC scale factor Eq. (10) is the physical one associated
with the metric Eq. (9). In order to compute it, we start
evaluating Tc(t) Eq. (21), with the aid of ac(t) Eq. (23).
5Finally, we obtain the NC scale factor Eq. (10), to first
order in γ, with the aid of Tc(t) and ac(t) Eq. (23),
anc(t) =
(
v0 +
γ
2
)
t+ a0 + T0. (24)
In order to compare the NC scale factor Eq. (24) with
the usual commutative one ac,γ=0(t), which in this case
is given by Eq. (23), let us set T0 = 0 in Eq. (24). It is
done in order to assure that both of them have the same
initial value a0. Then, we notice that both scale factors
are linear functions of t, with the same a-intercept and
different slopes. For v0 > 0, if γ > 0, the NC scale factor
increases more rapidly than ac,γ=0(t) Eq. (23). On the
other hand, if γ < 0 and v0 > |γ/2|, the NC scale factor
increases slower than ac,γ=0(t). Finally, if γ < 0 and
v0 < |γ/2|, the NC scale factor decreases from a0 until
the Big Crunch.
B. The case k = 1
For spacetimes with constant positive spatial sections,
k = 1, Eq. (22), describes a driven harmonic oscillator,
under the driving force −(γ/2)(t + T0). If we solve this
equation, we obtain the following scale factor expression,
ac(t) =
(
v0 +
γ
2
)
sin(t) +
(
a0 +
γ
2
T0
)
cos(t)−
γ
2
(t+T0).
(25)
Now, in order to compute the NC scale factor Eq. (10),
we start evaluating Tc(t) Eq. (21). With the aid of ac(t)
Eq. (25), it is given, to first order in γ, by,
Tc(t) =
γ
2
(v0 sin(t) + a0 cos(t)− a0) + t+ T0. (26)
Finally, using ac(t) Eq. (25) and Tc(t) Eq. (26), the NC
scale factor Eq. (10) is given, to first order in γ, by,
anc(t) =
(
v0 +
γ
2
)
sin(t) +
(
a0 +
γ
2
T0
)
cos(t). (27)
Now, we would like to compare the NC scale factor Eq.
(27) with the usual commutative one ac,γ=0(t). We shall
set T0 = 0 in a(t) Eq. (27). In order to obtain ac,γ=0(t),
we set γ = 0 in Eqs. (25) or (27). It gives,
ac,γ=0(t) = v0 sin(t) + a0 cos(t). (28)
The commutative solution Eq. (28) describes an uni-
verse that starts expanding from a0 at t = 0, expands to
a maximum size and then contracts back to a Big Crunch
singularity, in a finite time. On the other hand, the NC
solution Eq. (27), may describe different scale factor be-
haviors. We studied that solution for several different
values of γ and reached the following conclusions, for
any values of a0 and v0. For positive γ, the NC solutions
have the same general behavior than the commutative so-
lution, except that their maximum sizes are bigger than
the commutative one and they take greater times, than
FIG. 1: Scale factor behavior for both commutative and noncom-
mutative cases, when k = 1. Here, we consider γ = 0.5, a0 = 1 and
v0 = 1. The a(t) for the noncommutative case is the upper curve.
FIG. 2: Scale factor behavior for both commutative and noncom-
mutative cases, when k = 1. Here, we consider γ = −0.5, a0 = 1
and v0 = 1. The a(t) for the commutative case is the upper curve.
the commutative one, to return to a = 0. If we increase
the absolute value of γ, that behavior becomes even more
pronounced. Therefore, we conclude that when γ is pos-
itive, the resulting effect upon the scale factor dynamics
is the appearance of an additional repulsive force, com-
pared to the commutative case. An example of this case
is shown in Figure 1. For negative γ, the NC solutions
have the same general behavior than the commutative so-
lution. The differences are that their maximum sizes are
smaller than the commutative one and they take shorter
times, than the commutative solution, to return to a = 0.
If we increase the absolute values of γ, that behavior be-
comes even more pronounced. Therefore, we conclude
that when γ is negative, the resulting effect upon the
scale factor dynamics is the appearance of an additional
attractive force, compared to the commutative case. An
example of this case is shown in Figure 2.
6C. The case k = −1
Solving Eq. (22) for spacetimes with constant negative
spatial sections, k = −1, we obtain the following scale
factor expression,
ac(t) =
(
v0 +
γ
2
)
sinh(t)+
(
a0 +
γ
2
T0
)
cosh(t)−
γ
2
(t+T0).
(29)
Now, in order to compute the NC scale factor Eq. (10),
we start evaluating Tc(t) Eq. (21). With the aid of ac(t)
Eq. (29), it is given, to first order in γ, by,
Tc(t) =
γ
2
(v0 sinh(t) + a0 cosh(t)− a0) + t+ T0. (30)
Finally, using ac(t) Eq. (29) and Tc(t) Eq. (30), the NC
scale factor Eq. (10) is given, to first order in γ, by,
anc(t) =
(
v0 +
γ
2
)
sinh(t) +
(
a0 +
γ
2
T0
)
cosh(t). (31)
Now, we would like to compare the NC scale factor Eq.
(31) with the usual commutative one ac,γ=0(t). We shall
set T0 = 0 in a(t) Eq. (31). In order to obtain ac,γ=0(t),
we set γ = 0 in Eqs. (29) or (31).
ac,γ=0(t) = v0 sinh(t) + a0 cosh(t). (32)
The commutative solution Eq. (32) describes an uni-
verse that starts from a0 at t = 0 and expands expo-
nentially to an infinity size when the time goes to in-
finity. On the other hand, the noncommutative solution
Eq. (31), may describe different scale factor behaviors.
We studied that solution for several different values of
γ and reached the following conclusions, for any value
of a0. For positive γ and any value of v0, the noncom-
mutative solutions have the same general behavior than
the commutative solution, except that they expand in a
faster rate than that solution. If we increase the abso-
lute values of γ, that behavior becomes even more pro-
nounced. Therefore, we conclude that when γ is positive,
the resulting effect upon the scale factor dynamics is the
appearance of an additional repulsive force, compared to
the commutative case. An example of this case is shown
in Figure 3. For negative γ and v0 > |γ/2|, the NC scale
factor has the same general behavior than the commu-
tative solution, except that it expands in a slower rate
than that solution. An example of this case is shown in
Figure 4. For negative γ and v0 < |γ/2|, the NC scale
factor starts contracting from a0 until it reaches a mini-
mum value. Then, it expands exponentially to infinity in
a slower rate than the commutative solution. An exam-
ple of this case is shown in Figure 5. If we increase the
absolute values of γ, that behavior becomes even more
pronounced. Therefore, we conclude that when γ is neg-
ative, the resulting effect upon the scale factor dynamics
is the appearance of an additional attractive force, com-
pared to the commutative case.
FIG. 3: Scale factor behavior for both commutative and noncom-
mutative cases, when k = −1. Here, we consider γ = 0.5, a0 = 1
and v0 = 1. The a(t) for the noncommutative case is the upper
curve.
FIG. 4: Scale factor behavior for both commutative and noncom-
mutative cases, when k = −1. Here, we consider γ = −0.5, a0 = 1
and v0 = 1. The a(t) for the commutative case is the upper curve.
IV. THE NONCOMMUTATIVE MODEL FOR A
DUST PERFECT FLUID
Let us consider, now, the case of a dust perfect fluid.
Therefore, we assume that p = 0, which is the equation
of state for dust. This choice may be considered as a first
approximation to treat the matter content of the present
Universe which is dominated by matter that interacts
weakly.
If we introduce α = 0 in Eqs. (19)-(20), we obtain the
new system of equations for ac and Tc,
a¨c(t) = −k
(
ac(t) +
γ
2
Tc(t)
)
−
γ
2
a˙c(t) +
C
12
, (33)
T˙c(t) =
γ
2
a˙c(t) + ac(t) +
γ
2
Tc(t). (34)
Here, also, if we set γ = 0 the commutative FRW cosmo-
7FIG. 5: Scale factor behavior for both commutative and noncom-
mutative cases, when k = −1. Here, we consider γ = −0.5, a0 = 1
and v0 = 0. The a(t) for the commutative case is the upper curve.
logical model is restored. In what follows, we will solve
the system Eqs. (33)-(34) to find ac(t) and Tc(t). Sub-
sequently, we shall combine those solutions to compute
the NC scale factor Eq. (10). Finally, we shall explore
some features of anc(t), for several values of γ, C and
k = 0,±1. We shall, also, compare the present results
with the ones of Section III, for a radiation perfect fluid.
A. The case k = 0
Setting k = 0 in Eq. (33), we obtain,
a¨c(t) = −
γ
2
a˙c(t) +
C
12
. (35)
This equation describes the scale factor dynamics under
the action of two forces: a positive constant one and a
velocity dependent one. For γ = 0, we obtain, from Eq.
(35), the scale factor equation for the commutative case.
The solution to that equation is given by,
ac,γ=0(t) =
1
24
Ct2 + v0t+ a0. (36)
Now, integrating Eq. (35), we obtain the following ex-
pression for ac(t),
ac(t) = −
e−γt/2(6γv0 − C)
3γ2
+
Ct
6γ
+
3γ2a0 + 6γv0 − C
3γ2
.
(37)
If we take the limit γ → 0 of ac(t) Eq. (37), we obtain
the commutative solution ac,γ=0(t) Eq. (36). Now, in
order to compute the NC scale factor Eq. (10), we must
start solving equation (34) in order to find Tc(t). With
the aid of ac(t) Eq. (37), it is given, to first order in γ,
by,
Tc(t) = exp(γt/2)
(
T0 +
2a0
γ
)
+
(
v0 +
2C
3γ3
)
sinh(γt/2) +
(
C
6γ
+
4v0
γ2
)
cosh(γt/2)
−
2a0
γ
−
C
6γ
−
4v0
γ2
−
Ct
3γ3
. (38)
Finally, using ac(t) Eq. (37) and Tc(t) Eq. (38), the NC
scale factor Eq. (10) is given, to first order in γ, by,
anc(t) =
v0
2γ
(4 + γ2) sinh(γt/2)
+
C
12γ2
(4 + γ2) cosh(γt/2)−
C
12γ2
(4 + γ2)
+
1
2
(γT0 + 2a0) exp(γt/2). (39)
Now, we would like to compare the NC scale factor Eq.
(39) with the usual commutative one ac,γ=0(t) Eq. (36).
We shall set T0 = 0 in anc(t) Eq. (39).
The commutative solution Eq. (36) describes an uni-
verse that starts from a0 at t = 0 and expands, as a
second degree polynomial in t, to an infinity size when
t goes to infinity. On the other hand, the noncommuta-
tive solution Eq. (39), may describe different scale factor
behaviors. We studied that solution for several differ-
ent values of γ and C and reached the following con-
clusions. For positive γ, the noncommutative solutions
have the same general behavior than the commutative
solution, except that they expand in a faster rate than
the commutative one. In fact, it expands as an exponen-
tial function of t. If we increase γ, that behavior becomes
even more pronounced. If we increase C, both commuta-
tive and noncommutative solutions increase their expan-
sion rates, but the noncommutative solutions still expand
faster than the commutative one. Those results are valid
for any values of a0 and v0. An example of this case is
shown in Figure 6. For negative γ, the noncommutative
solutions have the same general behavior than the com-
mutative solution, except that they initially expand in a
slower rate than the commutative one. Then, they in-
crease their expansion rate and eventually overtake the
commutative solution. From that moment onward the
noncommutative solutions expand in a faster rate than
the commutative one. An example of this case is shown
in Figure 7. For sufficiently large values of a0 the non-
commutative solutions, initially, decrease until reach a
minimum value. Then, they start increasing until over-
take the commutative solution. An example of this case
is shown in Figure 8. For sufficiently large values of v0
the noncommutative solutions always expand faster than
the commutative one. An example of this case is shown
in Figure 9. If we increase the modulus of γ, those be-
haviors becomes even more pronounced. If we increase
C, both commutative and noncommutative solutions in-
crease their expansion rates, but the previous behaviors
still take place. From Eq. (39), we can see that for
sufficiently large values of t, the NC scale factor has an
exponential expansion. Since, the dust perfect fluid rep-
resents the present matter dominated era of our Universe
8FIG. 6: Scale factor behavior for both commutative and noncom-
mutative cases, when k = 0. Here, we consider γ = 0.5, C = 1
a0 = 10 and v0 = 1. The a(t) for the noncommutative case is the
upper curve.
FIG. 7: Scale factor behavior for both commutative and noncom-
mutative cases, when k = 0. Here, we consider γ = −0.5, C = 1
a0 = 1 and v0 = 1. The a(t) for the noncommutative case is the
one that expands asymptotically in a faster rate.
and k = 0 is a good candidate to describe its spatial cur-
vature, then, under those circumstances, our NC model
may be considered a possible candidate to describe the
present expansion of the Universe.
B. The case k = 1
If we set k = 1 in the system Eqs. (33)-(34), we may
integrate it to find the following algebraic solutions for
ac(t),
ac(t) =
(
a0 +
γ
2
(v0 + T0)−
C
12
)
cos(t) (40)
+
(
v0 +
γC
24
)
sin(t)−
γ
2
(
C
12
t+ v0 + T0
)
+
C
12
,
FIG. 8: Scale factor behavior for both commutative and noncom-
mutative cases, when k = 0. Here, we consider γ = −0.5, C = 1
a0 = 10 and v0 = 1. The a(t) for the commutative case is the one
that is strictly increasing.
FIG. 9: Scale factor behavior for both commutative and noncom-
mutative cases, when k = 0. Here, we consider γ = −0.5, C = 1
a0 = 1 and v0 = 100. The a(t) for the noncommutative case is the
upper curve.
and Tc(t),
Tc(t) =
(
a0 +
γ
2
(v0 + T0)−
C
12
)
sin(t) (41)
−
(
v0 +
γC
24
)
cos(t) +
C
12
t+ v0 + T0 +
γC
24
.
Now, we can compute anc Eq. (10), with the aid of ac(t)
Eq. (40) and Tc(t) Eq. (41). It is given, to first order in
γ, by,
anc(t) =
(
a0 +
γ
2
T0 −
C
12
)
cos(t)
+
(
v0 +
γ
2
a0
)
sin(t) +
C
12
. (42)
9If we set γ = 0 in Eqs. (40) or (42), we obtain the scale
factor in the usual commutative model,
ac,γ=0(t) =
(
a0 −
C
12
)
cos(t) + v0 sin(t) +
C
12
. (43)
Now, we would like to compare the NC scale factor Eq.
(42) with the usual commutative one ac,γ=0(t) Eq. (43).
We shall set T0 = 0 in anc(t) Eq. (42).
The commutative solution Eq. (43) describes an uni-
verse that starts expanding from a0 at t = 0, expands
to a maximum size and then contracts. For small values
of C it will contract to a Big Crunch singularity. If we
increase the value of C, both the maximum size and the
time interval between a0 and the Big Crunch increase.
This behavior is similar to the radiation case Subsection
III B. For sufficiently large values of C the scale factor
will contract to a minimum value, greater than zero, and
then it will expand again. It will continue to oscillate,
for ever, between maxima and minima values. If we in-
crease the value of C, both maxima and minima values
will increase. The minima values will increase until they
reach the value a0. On the other hand, the noncom-
mutative solution Eq. (42), may describe different scale
factor behaviors. We studied that solution for several
different values of γ and C and reached the following
conclusions. For positive values of γ and small values
of C, the NC solutions have the same general behavior
than the commutative solution, except that their maxi-
mum sizes are bigger than the commutative one and they
take greater times, than the commutative one, to reach
the Big Crunch singularity. This behavior is qualitatively
very similar to the one described by Eq. (27), for γ > 0,
in comparison with the commutative solution Eq. (28),
for the radiation model Subsection III B. An example to
this case will produce a figure, qualitatively, very similar
to Figure 1. If we increase the values of C, for differ-
ent values of γ > 0, the NC scale factors Eq. (42) still
have maxima values greater than the commutative solu-
tion but now they reach the Big Crunch singularity first
than the commutative solution. Finally, for sufficiently
large values of C and different values of γ > 0, the NC
scale factors Eq. (42) still have maxima values greater
than the ones in the commutative case but now they will
contract to minima values, greater than zero and smaller
than in the commutative case, and then they will expand
again. They will continue to oscillate, for ever, between
maxima and minima values. If we increase the value of
C, both maxima and minima values will increase. The
minima values will increase until they reach the value
a0. The maxima and minima values of anc Eq. (42) will
always be greater and smaller, respectively, than in the
commutative solution Eq. (43). The NC and commu-
tative curves cross at t = npi, where n = 1, 2, ... An
example of this cases is shown in Figure 10.
For negative γ, we found several differences with re-
spect to the cases where γ > 0. For small C, the anc Eq.
(42) has a maximum smaller than the commutative one
and reach the Big Crunch singularity before the commu-
FIG. 10: Scale factor behavior for both commutative and noncom-
mutative cases, when k = 1. Here, we consider γ = 0.5, C = 20
a0 = 1 and v0 = 1. The a(t) for the commutative case is the one
that has smaller maxima and greater minima.
tative one. This behavior is qualitatively very similar to
the one described by Eq. (27), for γ < 0, in comparison
with the commutative solution Eq. (28), for the radi-
ation model Subsection III B. An example to this case
will produce a figure, qualitatively, very similar to Fig-
ure 2. If we increase the values of C, the anc still have
maxima values smaller than the commutative solution
but now they reach the Big Crunch singularity after the
commutative solution. An example of this case is shown
in Figure 11. For sufficiently large values of C, anc will
also oscillate, for ever, between maxima and minima val-
ues. The difference with respect to the case where γ > 0
is that, here, the maxima and minima values of anc will
always be smaller and greater, respectively, than in the
commutative solution. Here, also, the NC and commu-
tative curves cross at t = npi, where n = 1, 2, ...
The results described above will be valid for any values
of a0. The different values of C, in each domain of that
constant, described above, will depend on the value of
v0. The greater v0 the greater is the value of C in each
domain.
C. The case k = −1
If we set k = −1 in the system Eqs. (33)-(34), we may
integrate it to find the following algebraic solutions for
ac(t),
ac(t) =
(
a0 +
γ
2
(−v0 + T0) +
C
12
)
cosh(t) (44)
+
(
v0 −
γC
24
)
sinh(t) +
γ
2
(
C
12
t+ v0 − T0
)
−
C
12
,
and Tc(t),
Tc(t) =
(
a0 +
γ
2
(v0 + T0) +
C
12
)
sinh(t)
10
FIG. 11: Scale factor behavior for both commutative and noncom-
mutative cases, when k = 1. Here, we consider γ = −0.35, C = 10
a0 = 1 and v0 = 1. The a(t) for the commutative case is the one
that reach a = 0 first.
+
(
v0 + γ
(
C
24
+ a0
))
cosh(t)
+ γ
(
C
24
− a0
)
−
C
12
t− v0 + T0. (45)
Now, we can compute anc Eq. (10), with the aid of ac(t)
Eq. (44) and Tc(t) Eq. (45). It is given, to first order in
γ, by,
anc(t) =
(
a0 +
γ
2
T0 +
C
12
)
cosh(t)
+
(
v0 +
γ
2
a0
)
sinh(t)−
C
12
. (46)
If we set γ = 0 in Eqs. (44) or (46), we obtain the scale
factor in the usual commutative model,
ac,γ=0(t) =
(
a0 +
C
12
)
cosh(t) + v0 sinh(t)−
C
12
. (47)
Now, we would like to compare the NC scale factor Eq.
(46) with the usual commutative one ac,γ=0(t) Eq. (47).
We shall set T0 = 0 in anc(t) Eq. (46).
The commutative solution Eq. (47) describes a uni-
verse that starts from a0 at t = 0 and expands exponen-
tially to an infinity size when the time goes to infinity.
Which is the same behavior described by the commuta-
tive solution of the radiation model Eq. (32), Subsec-
tion III C. On the other hand, the noncommutative solu-
tion Eq. (46), may describe different scale factor behav-
iors. We studied that solution for several different values
of γ and C and reached the following conclusions. For
positive γ, the noncommutative solutions have the same
general behavior than the commutative solution, except
that they expand in a faster rate than that solution. If
we increase the absolute values of γ, that behavior be-
comes even more pronounced. Therefore, we conclude
that when γ is positive, the resulting effect upon the
scale factor dynamics is the appearance of an additional
repulsive force, compared to the commutative case. An
example to this case will produce a figure, qualitatively,
very similar to Figure 3. For negative γ and v0 > |γ/2|a0,
the NC scale factor has the same general behavior than
the commutative solution, except that it expands in a
slower rate than that solution. An example to this case
will produce a figure, qualitatively, very similar to Fig-
ure 4. For negative γ and v0 < |γ/2|a0, the NC scale
factor starts contracting from a0 until it reaches a mini-
mum value. Then, it expands exponentially to infinity in
a slower rate than the commutative solution. An exam-
ple to this case will produce a figure, qualitatively, very
similar to Figure 5. If we increase the absolute values of
γ and a0, that behavior becomes even more pronounced.
Therefore, we conclude that when γ is negative, the re-
sulting effect upon the scale factor dynamics is the ap-
pearance of an additional attractive force, compared to
the commutative case. If we increase the value of C both
commutative and noncommutative solutions will expand
in a faster rate. But all other properties of those solu-
tions, described above, will remain the same.
V. COMPARISON WITH A MODEL WHICH
HAS A DIFFERENT CHOICE OF DEFORMED
POISSON BRACKETS
As mentioned, above, in Ref. [25] the authors con-
sidered a very similar classical, noncommutative, FRW
model coupled to a perfect fluid, in the presence of a
cosmological constant. The only differences between the
present NC model and the one in Ref. [25] are the choices
of deformed PBs and the presence of a cosmological con-
stant in their model. Therefore, in this section, we shall
compare both models and verify if they lead to the same
results or not.
In Ref. [25], the authors introduced the noncommuta-
tivity, in the model, using a NC generalized symplectic
formalism. As we shall see, this procedure is equiva-
lent to perform transformations, like Eqs. (8), leading
from the NC variables to the commutative ones plus a
NC parameter. The starting point of both NC models
is considering that the total Hamiltonian has the same
functional form as Eq. (3). Therefore, initially, it will
have the same expression as the total Hamiltonian Eq.
(4). In order to be able to compare both NC models, we
shall simplify the model introduced in Ref. [25] by set-
ting the cosmological constant to zero. In Ref. [25], the
noncommutativity is introduced by the following choice
of deformed Poisson brackets,
{anc, Tnc} = θ, {Panc, PTnc} = β,
{anc, Panc} = {Tnc, PTnc} = 1,
{anc, PTnc} = {Tnc, Panc} = 0, (48)
which may be compared to our choice given in Eq. (5).
In fact, although the authors of Ref. [25] develop the
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NC generalized symplectic formalism for both deformed
PBs introduced in Eq. (48), when they write the re-
sulting total Hamiltonian with the commuting variables
plus the NC parameters, they set θ = 0. Therefore, we
shall restrict our attention to the NC model described
by the deformed PBs Eq. (48), with θ = 0. In order
to describe this model in terms of usual commutative
variables, which satisfy the usual PBs, we introduce the
following transformations from NC variables to commu-
tative ones,
Panc → Pac + βTc,
anc → ac, Tnc → Tc, PTnc → PTc. (49)
If one introduces the NC variables Eq. (49), in the de-
formed PBs Eq. (48), with θ = 0, and uses the usual
PBs among the commutative variables, it is not difficult
to show that they are satisfied to first order in β. Ob-
serving the transformations Eqs. (49), we notice the first
difference between both models. Here, the anc coincides
with ac, therefore the dynamics of the models is described
by ac. On the other hand, we saw that in our model the
dynamics is described by anc Eq. (10), which does not
coincide with ac. Now, we rewrite the total Hamiltonian
NncHnc (4), in terms of the commutative variables Eq.
(49),
NncHnc = −
(Pac + βTc)
2
24
− 6ka2c + a
1−3α
c PTc. (50)
In order to better compare both NC models, we decided
to write the model of Ref. [25] in the gauge (Nnc = anc).
It was written originally in the gauge N = 1. Apart
from this difference and few numerical values, the total
Hamiltonian (50) coincides with the one obtained in Ref.
[25]. Now, we would like to compute the scale factor
dynamical behavior, for the present NC model. Initially,
we compute the Hamilton’s equations from NncHnc Eq.
(50) and, then, combine them to obtain the following
second order differential equation, to first order in β,
a¨c(t) + kac(t)−
C
12
(1− 3α)a−3αc (t)
+
β
12
(2 − 3α)a−3α+1c (t) = 0, (51)
where C has the same physical meaning as in our NC
model. Another difference, between both NC models, is
that it is possible to write a Friedmann equation, which
depends only on ac(t) and its first time derivative, for the
present NC model. We shall not write it, here, because
it is not possible to do it for our NC model. Equation
(51), is the equivalent, in the present NC model, to the
system of coupled differential equations (19)-(20), in our
NC model. If we set γ = 0, in the system (19)-(20), they
decouple and Eq. (19) gives the correct commutative
second order differential equation to ac(t). Which is the
same equation one obtains, by setting β = 0, in Eq. (51).
Observing Eq. (51), we notice another difference between
the two NC models. Here, it is possible to write a unique
second order differential equation for the scale factor, for
a general type of perfect fluid. On the other hand, in
our NC model it was not possible. There, we have the
system of two coupled differential equations (19)-(20).
Since we cannot find algebraic solutions, for a generic
perfect fluid, for either the system Eqs. (19)-(20) or the
equation (51), we shall restrict our comparisons, between
the two NC models, for the radiation and dust perfect
fluids. All comparisons between both NC models are
done using the same values of β and γ and the other
corresponding parameters in each model.
A. Radiation perfect fluid
Setting α = 1/3 in Eq. (51), we obtain,
a¨c(t) + kac(t) +
β
12
= 0. (52)
This equation must be compared to Eq. (22). The so-
lutions to Eq. (52), for different values of k, are given
by,
ac(t) = −
1
24
βt2 + v0t+ a0, k = 0, (53)
ac(t) = v0 sin(t) +
(
a0 +
β
12
)
cos(t)−
β
12
,
k = 1, (54)
ac(t) = v0 sinh(t) +
(
a0 −
β
12
)
cosh(t) +
β
12
,
k = −1. (55)
The first important difference between the scale factor
behavior in the two NC models appears for k = 0. In our
NC model the solution for k = 0, anc(t), is a first order
polynomial in t Eq. (24), whereas, here, it is a second
order one Eq. (53). Another important difference is the
presence of a minus sign in front of the β term in Eq.
(53). It means that, in several cases, that solution will
have the opposite behavior than anc(t) Eq. (24), when γ
and β have the same sign.
For k = 1, the solution to Eq. (52) is given by ac(t)
Eq. (54). It must be compared to anc(t) Eq. (27). From
Eq. (54), it is clear that the scale factor for this NC
model describes a Universe that starts expanding from
a0 at t = 0, then it reaches a maximum size and, finally,
collapses to a Big Crunch singularity. Qualitatively, ac(t)
Eq. (54) has the same general behavior than anc(t) Eq.
(27). On the other hand, quantitatively, for T0 = 0 and
any values of a0 and v0, they have some differences. For
γ > 0 and β > 0 with the same values, the maximum
value of anc(t) Eq. (27) is bigger than the one of ac(t)
Eq. (54). Also, anc(t) Eq. (27) takes a greater time
than ac(t) Eq. (54) to return to a = 0. On the other
hand, for γ and β with the same values and negatives,
the maximum of ac(t) Eq. (54) is bigger than the one of
anc(t) Eq. (27). Also, ac(t) Eq. (54) takes a greater time
than anc(t) Eq. (27) to return to a = 0.
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For k = −1, the solution to Eq. (52) is given by ac(t)
Eq. (55). It must be compared to anc(t) Eq. (31). From
Eq. (55), we observe that there are three different pos-
sible evolutions for ac(t) if β > 0. For β < 12a0, it
describes an universe that starts from a0 at t = 0 and,
then, expands exponentially to an infinity size when the
time goes to infinity. For β = 12a0 and v0 = 0, it de-
scribes an universe where a(t) is constant and equal to
β/12. For β > 12(a0 + v0), it describes an universe that
starts from a0 at t = 0, expands to a maximum size and,
then, contracts to a Big Crunch. In contrast, as we saw
in Subsection III C, for any values of a0 and v0, anc(t)
Eq. (31) describes an universe that starts from a0 at
t = 0 and, then, expands exponentially to an infinity size
when the time goes to infinity. In fact, when both solu-
tions expand, anc(t) Eq. (31) will always expands faster
than ac(t) Eq. (55), for any values of a0, v0 and γ=β.
For β < 0, ac(t) Eq. (55), describes an universe that
starts from a0 at t = 0 and, then, expands exponentially
to an infinity size when the time goes to infinity, for any
values of a0 and v0. In contrast, as we saw in Subsection
III C, for γ < 0 and v0 > |γ/2|, anc(t) Eq. (31) has the
same general behavior than ac(t) Eq. (55). Except that
it expands in a slower rate than that solution, for γ = β.
For γ < 0 and v0 < |γ/2|, anc(t) Eq. (31) starts contract-
ing from a0 until it reaches a minimum value. Then, it
expands exponentially to infinity in a slower rate than
ac(t) Eq. (55), for γ = β.
B. Dust perfect fluid
Setting α = 0 in Eq. (51), we obtain,
a¨c(t) +
(
k +
β
6
)
ac(t)−
C
12
= 0, (56)
The solutions to Eq. (56), for different values of k, are
given by,
ac(t) =
√
6
β
v0 sin
(√
β
6
t
)
+
(
a0 −
C
2β
)
cos
(√
β
6
t
)
+
C
2β
, k = 0. (57)
ac(t) =
v0√
1 + β6
sin
(√
1 +
β
6
t
)
+
C
12 + 2β
+
(
a0 −
C
12 + 2β
)
cos
(√
1 +
β
6
t
)
, k = 1. (58)
ac(t) =
v0√
1− β6
sinh
(√
1−
β
6
t
)
−
C
12− 2β
+
(
a0 +
C
12− 2β
)
cosh
(√
1−
β
6
t
)
, k = −1. (59)
The first important difference between the scale factor
behavior in the two NC models appears for k = 0. For
γ > 0 in our NC model, anc(t) Eq. (39) describes an
universe that originates in a0 at t = 0 and then grows to
an infinite size in an infinite period of time. In contrast,
for β > 0, ac(t) Eq. (57) describes an universe that also
starts from a0 at t = 0, but then expands to a maximum
size and finally collapses to a Big Crunch. For γ and
β negatives, both ac(t) Eq. (57) and anc(t) Eq. (39),
describe universes that expand exponentially to infinity.
But ac(t) Eq. (57) always expands faster than anc(t) Eq.
(39). All behaviors are valid for any values of a0, v0 and
C.
For k = 1, the solution to Eq. (56) is given by ac(t) Eq.
(58). It must be compared to anc(t) Eq. (42). ac(t) Eq.
(58) describes an universe that starts expanding from a0
at t = 0, expands to a maximum size and then contracts.
For small values of C it will contract to a Big Crunch sin-
gularity. For sufficiently large values of C the scale factor
will contract to a minimum value, greater than zero, and
then it will expand again. It will continue to oscillate, for
ever, between maxima and minima values. Qualitatively,
ac(t) Eq. (58) has the same general behavior than anc(t)
Eq. (42). On the other hand, quantitatively, for T0 = 0
and any values of a0 and v0, they have some differences.
For small values of C, γ > 0 and β > 0 with the same
values, anc(t) Eq. (42) has maxima bigger than ac(t) Eq.
(58) and it takes greater times than ac(t) Eq. (58), to
reach the Big Crunch singularity. Another difference ap-
pears for small values of C, γ < 0 and β < 0 with the
same values. Now, anc(t) Eq. (42) has maxima smaller
than ac(t) Eq. (58) and it takes smaller times than ac(t)
Eq. (58), to reach the Big Crunch singularity. Another
important difference between those NC solutions appears
for sufficiently large values of C and γ and β of any sign.
They oscillate between maxima and minima values with
different frequencies. The frequency of ac(t) Eq. (58) is
modified due to the NC parameter β.
For k = −1, the solution to Eq. (56) is given by ac(t)
Eq. (59). It must be compared to anc(t) Eq. (46). For
any values of β, a0, v0 and C, ac(t) Eq. (59) describes an
universe that starts from a0 at t = 0 and, then, expands
exponentially to an infinity size when the time goes to
infinity. For γ > 0, anc(t) Eq. (46), have the same
qualitative behavior as it was shown in Subsection IVC.
In contrast, quantitatively, it always expands in a faster
rate than ac(t) Eq. (59), for the same values of β > 0 and
γ > 0. For negative γ, any value of a0 and v0 > |γ/2|a0,
the anc(t) Eq. (46) has the same general behavior than
ac(t) Eq. (59), except that it expands in a slower rate
than that solution, for the same values of γ < 0 and β <
0. For negative γ, any value of a0 and v0 < |γ/2|a0, the
anc(t) Eq. (46) starts contracting from a0 until it reaches
a minimum value. Then, it expands exponentially to
infinity in a slower rate than ac(t) Eq. (59), for the same
values of γ < 0 and β < 0.
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VI. CONCLUSIONS
We conclude that the noncommutativity greatly mod-
ifies the original commutative cosmological model. Since
we are particularly interested in describing the present
expansion of our Universe, we may mention that, due
uniquely to the noncommutativity introduced here, we
obtained scale factor solutions compatible with that ex-
pansion. In the dust NC model, for k = 0, we obtained a
scale factor solution describing an exponential expansion,
not present in the corresponding commutative solution.
Since, the dust perfect fluid represents the present mat-
ter dominated era of our Universe and k = 0 is a good
candidate to describe its spatial curvature, then, under
those circumstances, our NC model may be considered a
possible candidate to describe the present expansion of
the Universe. On the other hand, if the observations es-
tablish that the Universe is better described by a model
with negative spatial curvature, we may mention that,
in both radiation and dust NC models, for k = −1, we
obtained scale factor solutions describing exponential ex-
pansions. Although, in this case, the corresponding com-
mutative solutions describe also exponential expansions,
in the NC models we have free parameters, not present
in the commutative models, that may better adjust the
observational data.
Another important conclusion comes from our compar-
ison with another NC cosmological model [25]. The only
difference between the two models is how the noncommu-
tativity is introduced. From this comparison we conclude
that because the noncommutativity is introduced there,
through different deformed Poisson brackets between the
variables, than here, the cosmological models give dif-
ferent dynamical scale factor equations and predictions.
Consider as an example, the dust case with k = 0. If
γ > 0, our NC model describes an universe that origi-
nates in a0 at t = 0 and then grows to an infinite size in
an infinite period of time. In contrast, if β > 0, the NC
model of Ref. [25] describes an universe that also starts
from a0 at t = 0, but then expands to a maximum size
and finally collapses to a Big Crunch. We believe that
only through observations one may verify whether NC is
important, or not, in order to describe our Universe. If
one concludes that NC is indeed important, those obser-
vations would, also, establish which way of introducing
the noncommutativity is more appropriate.
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